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ts of a dipolar eld in the spin dynami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We study spin dynamis of a normal Fermi liquid taking into aount the demagnetizing eld
produed by the spin system itself. Linear solutions of the spin dynamis equations in the form
of standing spin waves in a nite volume of liquid are found. At almost all known experimental
onditions the inuene of demagnetizing eld an be satisfatorily desribed by the rst order of
perturbation theory. We arried out perturbational alulations for two geometries of experimental
ell  spherial and nite-ylindrial. We performed also exat numerial simulations of the spin
wave spetra in a spherial ell at an arbitrary strength of the demagnetizing eld.
The obtained results are applied in partiular to onditions of reent experiment (G.Vermeulen
and A.Roni, Phys. Rev. Lett. 86, 248 (2001)) related to the problem of zero temperature transverse
relaxation in a polarized Fermi liquid. We found that not taking into aount demagnetizing eld
leads to negligible errors in the measured relaxation time, thus supporting the onlusion of the
absene of zero temperature spin wave damping.
PACS numbers: 67.57.Lm, 67.60.-g, 67.65.+z, 67.80.Jd, 75.30.Ds
I. INTRODUCTION
Spin dynamis of a strongly spin-polarized normal
Fermi liquid still aptures appreiable theoretial and ex-
perimental interest. Among the main questions here is
whether the transverse (i.e. in a diretion perpendiu-
lar to the external eld) magnetization exitations are
damped at zero temperature.
Polarizing a Fermi liquid reates a gap ∼ h¯γM/χn
between the two Fermi energies for spins up and down.
Here γ is the gyromagneti ratio of 3He nulei, χn is
the suseptibility of the liquid. Meyerovih has pointed
out [1℄ that the existene of the gap leads to a non-
onventional temperature dependene of the transverse
relaxation time, ∝ (T 2 + T 2a )−1, where Ta is of the or-
der of the gap, and therefore to a damping of the trans-
verse exitations even at zero temperature. This idea has
been pursued in several theoretial papers [2℄, [3℄, [4℄ and
was ontested reently by Fomin [5℄, who argued that the
onlusion of existene of zero-temperature attenuation is
drawn from the wrong premises about the ground state of
a polarized Fermi-liquid, viz., from treating the quasipar-
tiles between two Fermi levels as exitations. Whereas
as long as the polarization of the liquid is onserved, these
partiles should be onsidered as an inalienable part of
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the ground state.
Curiously, a similar disussion arose in mesosopi
physis where a poorly argued onept of nite dephas-
ing time at T = 0 has been developed [11℄ and ontested
[12℄, [13℄.
The results of the measurements of the spin diusion
oeients by spin eho experiments in pure
3
He [6℄, [7℄
and in solutions of
3
He in
4
He [8℄, [9℄ with a spin po-
larization of a few perent revealed a nite value of Ta
in a qualitative agreement with the zero-attenuation on-
ept. But the observed Ta were several times greater than
theoretial estimations in [2℄, [3℄, [4℄. On the ontrary,
the reent measurements of linear spin wave damping in
dilute
3
He at even higher polarizations [10℄ are in agree-
ment with Fomin's theory (Ta = 0), although the upper
limit for a nite Ta set by this experiment (due to the
error bars) does not allow to rule out ompletely the ex-
isting theory of zero temperature spin wave damping.
A oherent theory of strongly polarized Fermi liquids
based on a properly dened ground state is laking. On
the other hand a proper interpretation of the experimen-
tal data for a strongly polarized liquid is itself non-trivial.
The point is that the magneti eld ating on the spins
of a liquid is onventionally supposed to equal the ex-
ternal eld He. In reality the eld inside a speimen is
well-known to dier from He due to the shape-dependent
demagnetizing eld proportional to the magnetization.
An osillating magnetization thus ats bak on itself via
the demagnetizing (or dipolar) eld. This phenomenon
manifests itself as magnetostati waves in ferrimagnets
theoretially desribed by Kittel [14℄ and Walker [15℄.
2Walker originally showed that if the magnetization M
is supposed to obey the Larmor preession around the
internal magneti eld Hi
(∂t + γH
i×)M = 0, (1)
then beause M and Hi are related through Maxwell
equations they an self-onsistently osillate only with
ertain frequenies loalized in the range ∼ 2piγM near
the Larmor frequeny.
In an interating Fermi liquid (1) should be replaed
with the Leggett system of equations. In the linear ap-
proximation, solutions of this system are standing spin
wave modes with the widths proportional to the trans-
verse relaxation time. So study of the behavior of the
widths of the modes with temperature is one of the pos-
sible ways to detet the zero-temperature transverse at-
tenuation.
For weakly-polarized liquids the eets of the demagne-
tizing eld an be disarded. But it is preferable to have
strong polarizations in order to inrease the predited
temperatures of the attenuation onset. So the eet of
polarization has to be taken into onsideration for the
proper interpretation of the spetra. On the other hand
at suiently strong polarizations one an expet on-
siderable hanges in the Leggett desription of the Fermi
liquid spin dynamis. In partiular, due to the presene
of two Fermi surfaes a double set of the Fermi-liquid
parameters must enter the theory. We will use Leggett
equations assuming that they are still valid when the
share of polarized nulei of the liquid does not surpass
∼10 %.
To inlude dipolar eld we have hosen to write out
the dipolar part of the internal eld Hi expliitly as
an integral of the magnetization, this integral being a
general solution of Maxwell dierential equations with
Maxwell boundary onditions. Thus we work with a
losed integro-dierential equation diretly on the mag-
netization.
A short review of other possible methods is done in the
Disussions setion.
We start diretly from the generalized Leggett equa-
tions and study the eets of the demagnetizing eld o-
herently. We speialize to the ase of linear spin waves,
setting spin eho experiments aside.
A full-blown study inluding numerial alulations is
done only for a spherial shape. For a nite ylinder
as well as for a sphere we also alulated the hanges to
the spetra by the demagnetizing eld using perturbation
theory.
Our results show that the demagnetizing eld intro-
dues small orretions (about 4%) to the value of low
temperature transversal relaxation rate experimentally
determined by G.Vermeulen and A.Roni [10℄. Hene, the
main onlusion of Ref. [10℄ about the absene of zero-
temperature spin wave damping is supported.
The paper is organized as follows. Setions II and III
form the basis needed to omprehend the authors' point
of view. In Se. II we show how to inlude the dipolar
eld in the standard Leggett equations and to how to
linearize the result to obtain an equation for spin waves
subjet to both exhange and demagnetizing elds.
In Se. III as the simplest appliation of the theory
developed we nd orretions to the spin wave spetra in
a nite ylinder in the rst order of perturbation theory.
At the end of the Se. III we nd dipolar limitations
on the orret determination of the transverse relaxation
time from the onventional interpretation of the spetra.
The next Setion IV ontains similar rst order per-
turbational estimation of the dipolar-eld orretions to
the spin waves spetra in a spherial ontainer.
The results for a sphere are ompared to numerial
simulations arried out in Setion V, where we also al-
ulate spin wave spetra in the regimes of intermediate
and strong demagnetizing elds.
In the last Setion VI we disuss onlusions.
II. STATEMENT OF THE PROBLEM
A. Basi equations
Spin dynamis of a Fermi liquid is desribed by the
Leggett oupled system of two partial dierential equa-
tions on the loal magnetization M(r, t) and its urrent
Ji(r, t) [20℄
(∂t + γB×) M +∂iJi = 0, (2)
(∂t + γB×) Ji +w
2
3
∂i(M −M0) (3)
+ κ
γ
χn
M× Ji = −Ji
τ1
.
HereB is the ux density inside the sample [21℄, w2 the
renormalized Fermi veloity w2 = v2F (1 + F
a
0 )(1 + F
a
1 /3)
and τ1 the renormalized relaxation time τ1 = τ/(1 +
F a1 /3). F
a
0 and F
a
1 are the oeients of expansion of
the antisymmetri part of the Fermi-liquid interation in
the spherial harmonis. The equilibrium magnetization
is
M0 = χnH
i, (4)
where Hi = B− 4piM is the internal eld.
Spin dynamis equations of a Fermi liquid redue to the
form (2), (3) in either of the regimes  ollisionless C ≫
1 or hydrodynami C ≪ 1, where the regime parameter
C = κ(γHi)(M/M0)τ1. (5)
The fatorM/M0 aounts for the possibility for the po-
larizationM be higher than the equilibrium valueM0 
in experiments [10℄, [18℄ M/M0 varied from 1 to 5.
The ondition of appliability of the Leggett equations
[20℄ is that the harateristi sale of spatial inhomogene-
ity ξ be greater than the quasipartile mean free path vF τ
or the magneti length vF τ/C whih one is the shorter,
ξ ≫ min {vF τ, vF τ/C} . (6)
3In the ollisionless regime (C ≫ 1) the magneti length
vF τ/C is the shorter and thus should be smaller than ξ.
While in the hydrodynami regime (C ≪ 1) the spatial
sale ξ should exeed the mean free path vF τ .
Eq. (3) ontains the torque due to the loal moleular
eld κM(r, t)/χn ating on urrent Ji(r, t). The ombi-
nation of the Fermi-liquid onstants F a0 and F
a
1
κ =
1
3F
a
1 − F a0
1 + F a0
(7)
measures the strength of the exhange interation. It
vanishes when turning the exhange o.
Leggett originally [20℄ onsidered the ase of a weakly-
polarized sample, wherein B = He  the external mag-
neti eld at innity. Generally, the relation between B
andHe is to be determined from the onventional bound-
ary value problem of solving the magnetostati equations
in a non-onduting medium
∂ ×H = 0, ∂B = 0 (8)
with Maxwell boundary onditions of the ontinuity of
Bn andHt at the boundary of the sample and ofH→ He
at innity. In (8)
H = B− 4piM. (9)
A general formal solution of (8), (9) satisfying the ap-
propriate boundary onditions is [22℄
H = He +Hdip, (10)
where
Hdip(r) = ∂
(
∂
∫
M(r′)
|r− r′|d
3r′
)
(11)
is alled the dipolar eld. It is straightforward to verify
that Eqs. (10) and (9) are indeed the solution in the whole
spae with the help of
∂2|r− r′|−1 = −4piδ(r− r′). (12)
M in its turn has to be found from the Leggett equa-
tions (2), (3). Therefore, the losed system of integro-
dierential Eqs. (2), (3), (9)(11) ompletely desribes
normal Fermi liquid eletrodynamis with the eets of
both inhomogeneity and the demagnetizing eld taken
into aount.
Inside the sample the eld H from (10) is alled Hi
 the internal magneti eld. The dierene between
external eld at innity He and Hi is usually denoted as
Hi −He = −4pin̂[M], (13)
where the (tensor) operator n̂, ating by the rule
n̂[M] = − 1
4pi
∂
(
∂
∫
V
M(r′)
|r− r′|d
3r′
)
(14)
is alled demagnetizing operator. Let us agree to denote
an operator with a hat over a letter and a tensor with
an underlined letter. The demagnetizing tensor opera-
tor n̂ is spei to the shape of the sample, over volume
of whih the integration in (14) is taken, and generally
is oordinate-dependent. It only redues to the tensor
of onstant demagnetizing oeients n when ating on
spatially homogeneous distributions in ellipsoidal sam-
ples (inluding limiting ases of a slab and an innite
ylinder).
B. Stati magnetization distribution
In a linear spin wave the magnetization rotates with a
small amplitude m around its (large) stable value M in
a stati external magneti eld He = Hezˆ.
Consider a general stati (∂tM = 0, Ji = 0) ase. In
order for Ji = 0 there should be
∂i(M −M0) = 0 (15)
and then for ∂tM = 0 the magnetization should be loally
direted along Hi
M(r) = χnA(r)H
i(r). (16)
The funtion A(r) must be suh that M(r) satises (15).
This imposes restritions on the spatial dependene of
A(r), but leaves A(0) arbitrary.
So there exists ontinuum of stati non-equilibrium
magnetization distributions numbered by A ≡ A(0). It
is this A whih is represented as M/M0 in Table I.
In equilibrium (4) A(r) ≡ 1.
To nd a form of a non-equilibrium stati magnetiza-
tion distribution, we shall use the smallness of χn. For
pure
3
He, the magneti suseptibility is
χn = h¯
2γ2N0/2(1 + F
a
0 ) ∼ 10−7, (17)
where N0 = m
∗kF /2pi
2h¯2 is the density of states on the
Fermi surfae. For
3
He-
4
He mixtures χn is less, propor-
tional to kF ∝ 3
√
x, where x is the onentration of 3He
atoms in the mixture.
Substituting (16) into (13) yields
Hi(r) = He(r)− 4piχnn̂ [A(r)He(r)] +O(χ2n). (18)
For the reasons that will beome lear below the exter-
nal magneti eld is taken almost onstant, with a small
gradient along its diretion
He(r) = He(1 + z∇ωL/ωL). (19)
The presene of the eld gradients in the perpendiular
diretions, neessary for the fulllment of the ondition
∂He = 0, is inessential for the following disourse.
From (15) it then follows that ∇A = (1−A)∇ωL/ωL,
i.e. the spatial inhomogeneity of A(r) = A + z∇A has
the same smallness.
4Leaving in (18) only the rst order terms in either χn
or z∇ωL/ωL, we have
γHi = (ωL + z∇ωL)zˆ − ωM n̂[zˆ]. (20)
Here
ωL = γH
e
(21)
is the Larmor frequeny and
ωM = 4piγM = 4piχnAωL (22)
is the frequeny orresponding to magnetization. n̂[zˆ]
is generally a oordinate dependent vetor. For ellip-
soidal samples it redues to nzˆ. If one of the prinipal
axes of the ellipsoid (whih are also the prinipal axes of
the demagnetizing oeients tensor n) oinides with
zˆ, we have nzˆ = zˆn(z), where n(z) is the z-th demag-
netizing oeient. E.g., for a sphere n(z) = 13 , for a
plane-parallel slab with the edges perpendiular to ẑ the
oeient n(z) = 1, and for an innite irular ylinder
with the generatrix parallel to ẑ the oeient n(z) = 0.
The small ratio 2R∇ωL/ωL, where 2R is the sample
size, together with 4piχnA(0) ∼ 10−6 are the two small
parameters in the problem. Conventionally the dipolar
eld is not taken into aount and the seond parameter
is onsidered negligibly small. This is no longer justied
for reent experimental onditions as is seen from Table
I, where the ratio of the seond parameter to the rst
ωM/2R∇ωL (23)
is represented for various experimental onditions.
C. Linearized equations of motion
To obtain the linearized form of the equations of mo-
tion (2), (3) we expand all the marosopi quantities
near their stationary values:
He = Heẑ + he, Hi = Hi + hi,
M = M+m, Ji = ji, (24)
where the stati value of Hi is that from (20). The radio
frequeny eld he plays the role of a driving fore for the
spin system response m. We denote hi = he − 4pin̂[m].
The stati M in (24) is the result of the substitution
of (20) into (16)
γM/χn = ωL(A+ z∇ωL)zˆ − ωMAHen̂[zˆ]. (25)
However, we an retain only the greatest term in M
M = χnAH
e
(26)
when linearizing Eqs. (2), (3). In (2) this is simply due
to the fat that the terms of M to be omitted are of the
order O(χnz∇ωL/ωL) and O(χ2n). In (3) M is divided
by χn and the justiation is lengthier. We will suppose
(26) and disuss why only the main term in M should be
left after the derivation below.
In pratie one usually is interested in movements qua-
sistationary in the Larmor frame. To a rst approxima-
tion one supposes that ji(r, t) is stationary, i.e. preesses
with the frequeny γB: (∂t+γB×)ji = 0. Then resolving
Eq. (3) with respet to ji with M from (26) gives
ji = − D0
1 + C2
[
∂im− Cẑ × ∂im+ C2ẑ(ẑ∂im)
]
, (27)
where the diusion oeient D0 =
1
3w
2τ1 =
1
3v
2
F τ(1 +
F a0 ) and
C = κτ1γM/χn = κτ1AωL (28)
is another expression for the regime parameter (5).
One then plugs the divergene of (27) into (2). The
divergene of ji has the order
∂iji ∼ D0∂2m ∼ (D0/ξ2)m, (29)
where ξ ∼ 3
√
D0/∇ωL is the harateristi sale (49). So
∂iji ∼ (ξ∇ωL)m has already the smallness z∇ωL/ωL. If
we had aounted for the higher order terms in M than
(26) when alulating the urrent, these terms would
have entered ji through the regime parameter C, and
after multipliation with D0∂
2m would have produed
terms of the order O(χnz∇ωL/ωL)m and O(χ2n)m. That
is why we were allowed to substitute simply (26) in (3).
In the linear approximation m(r) is in eah point per-
pendiular to the stati M(r) if the absolute value of the
magnetization is onserved. Exp. (25) shows that apart
from the major xˆ− and yˆ− omponents m also has a
minor mz ∼ χnmx. This omponent also may be seen to
give higher order terms and is therefore negligible.
We will thus onsider m⊥ẑ. The last term on the
right-hand side of (27) then vanishes, and substituting
(27) into (2) one gets(
∂t − DC ∂2
)
m+ ẑ × (γHizm+D∂2m− γMhi) = 0.
(30)
Here we left only the zˆ−omponent of Hi beause Hi⊥,
whih multiplies vetorially only by mz zˆ, produes terms
O(χ2n).
In (30) we introdued the eetive spin diusion oef-
ient
D = D0C/(1 + C
2). (31)
In the strong (C ≫ 1) ollisionless regime D ≈
w2/3κωLA is temperature independent.
Supposem, h depend on time as monohromati waves
m, h ∝ e−iωt. Then written out in omponents the equa-
tion of motion for m beomes
− iω̂
(
mx
my
)
+ ω̂L
(−my
mx
)
=
ωM
4pi
(−hiy
hix
)
, (32)
where we designated by ω̂L and ω̂ respetively the oper-
ators
ω̂L = γH
i
z +D∂
2, ω̂ = ω − iD
C
∂2. (33)
5Multiplying by (
0 1
−1 0
)
results in the seond order inhomogeneous partial dier-
ential equation χ̂−1
ω
m = hi⊥, or
χ̂−1
ω
m+ 4pin̂[m] = he⊥. (34)
Here χ̂−1
ω
is the inverse suseptibility tensor
χ̂−1
ω
=
4pi
ωM
(
ω̂L −iω̂
iω̂ ω̂L
)
. (35)
To lose the boundary value problem one must impose
some appropriate boundary onditions on m. Supposed
that the ontainer is made from a non-magneti material,
there is no magnetization urrent into the walls, and we
get boundary ondition in the form
nˆi∂im|∂ = 0. (36)
Here nˆi is a unit normal to the wall.
In the normal variables m± = mx ± imy Eq. (34) has
equivalent form
(ω̂L ∓ ω̂)m± = ωM
4pi
(
he± + ∂±∂
∫
m(r′)
|r− r′|d
3r′
)
,(37)
whene we estimate
m− ∼ (ω − ωL)m+/2ωL ≪ m+.
We see that in the viinity of the Larmor frequeny,
when ω ≃ ωL, the ounter-rotating omponent m− may
be negleted with respet to the o-rotating m+. Then
(34) simplies to a single linear inhomogeneous integro-
dierential equation
(Ĥ − ω)m+(r) = ωM
4pi
he+(r) (38)
with a generally non-Hermitian Hamiltonian operator
Ĥm+ = D
(
1 + iC
)
∂2m+ + γH
i
z(r)m+
− ωM
8pi
∂+∂−
∫
m+(r
′)
|r− r′|d
3r′. (39)
We may use the equivalene ∂+∂− = ∂
2 − ∂2z , (20) and
the property (12) to rewrite the Hamiltonian as
Ĥm+ = D
(
1 + iC
)
∂2m+ + ωL(r)m+
+
ωM
2
(
(1− 2n̂zz [1])m+ − n̂zz[m+]
)
. (40)
Here the integro-dierential operator
n̂zz[f ] = −
1
4pi
∂2z
∫
V
f(r′)
|r− r′|d
3r′
is the zz-omponent of the demagnetizing tensor (14).
And n̂zz [1] is a salar funtion on oordinates, whih a-
tually oinides with the z-th demagnetizing oeient
n(z) for ellipsoids with one of the prinipal axes parallel
to zˆ. ωL(r) denotes ωL + z∇ωL.
To onlude, we have derived equations of motion (34)
or (38) for small deviations of magnetization from stati
values. The magnetization as a funtion of external rf
eld is a response of the system on a partiular radio fre-
queny ω. The full form of the equations of motion (34)
is unneessarily ompliated beause it ontains superu-
ous information on the dynamis of the ounter-rotating
omponent m− of the magnetization. An example of so-
lution of the full Eq. (34) for an innite medium in a
uniform magneti eld is analyzed in Appendix A.
The rest of the paper deals with (38).
The response of the liquid is deteted through hanges
in the impedane of the NMR oil, whih are proportional
to (see Appendix B)
χ = 〈he+|Ĝω|he+〉, (41)
where Ĝω is the Green operator
|m+〉 = (ωM/4pi)Ĝω|he+〉. (42)
Green operator may be expanded into an innite sum
in the eigenfrequenies ωα of the homogeneous equation
orresponding to (38)
Ĥ|α〉 = ω|α〉 (43)
with the boundary ondition
n̂i∂i|α〉|∂ = 0. (44)
For a Hermitian Hamiltonian the eigenfrequenies ωα
are real and the expansion is
Ĝω =
∑
α
|α〉〈α|
ωα − ω . (45)
The absorption spetrum in the Hermitian ase onsists
of a series of δ-peaks at ω = ωα. Indeed, writing real ωα
in (45) as ωα+ i0 we see that the imaginary (absorption)
part of (41) is a weighted sum of δ-funtions
− pi
∑
α
∣∣〈α|he+〉∣∣2 δ(ω − ωα). (46)
In the general ase of a non-Hermitian Hamiltonian the
expansion (45) should be revised. We postpone the ap-
propriate disussion until Se. V. Here it is enough to say
that the numerators in the series (45) remain the same
in the general ase, but the eigenfrequenies ωα beome
omplex, meaning that in general spetrum onsists of
Lorentzians.
The following important onlusion drawn on the basis
of (45) also holds in the ase of a non-Hermitian Hamilto-
nian. In a homogeneous (∇ωL = 0) external stati elds
6He and for ellipsoidal samples the Hamiltonian (40) has
uniform solutions, so-alled Kittel modes [14℄ with the
frequenies
ω0 = ωL +
ωM
2
(1− 3nzz) , (47)
where nzz is the zˆzˆ-omponent of the demagnetizing o-
eient tensor n.
For ustomary sample sizes the rf eld he may be on-
sidered spatially uniform. Then from (46) it follows that
it is impossible to exite a non-uniform mode by a homo-
geneous rf eld he, beause then 〈α|he+〉 ∝ 〈α|0〉, where
|0〉 is the Kittel mode, and dierent modes are mutually
orthogonal 〈α|0〉 = δα0.
We onlude that in order to ouple to non-uniform
eigenmodes the external stati magneti eld should be
inhomogeneous (see (19)) so that there would not exist a
uniform eigenmode.
III. FINITE-CYLINDRICAL CELL
Study of the eigenstates of the Hamiltonian (40) in
general is possible only numerially. This has already
been done in Ref. [16℄, [17℄ negleting the ontribution
of the dipolar eld. The former work dealt with (40) in
retangular boxes, while the latter  in spherial on-
tainers.
In this paper we study the dipolar eld eets due to
the third term in (40) numerially in Setion V. At the
same time, in the ase of ωM = 0 the problem allows
expliit analytial solution for some typial experimental
onditions. Suh solutions are of undeniable interest 
with them in hand we may use perturbation theory to
alulate orretions to modes in the rst order in ωM .
So the two following setions are dediated to suh solu-
tions and to the alulations of perturbational orretions
respetively in the geometries of a nite ylinder and a
sphere.
We start the onsideration of nite ylinders from ide-
alized one-dimensional geometry of a plane-parallel slab.
Next we alulate the rst order perturbations to the
modes frequenies due to the niteness of the ylinder.
A. Slab
In the absene of dissipation, when C−1 = 0, the ef-
fetive diusion oeient D(1 + iC−1) is real and thus
the Hamiltonian Ĥ (40) is Hermitian.
In the slab geometry the solution should be sought in
the form
m+(r) ∝ eikr⊥m+
k
(z),
where r⊥ is the oordinate vetor in the plane perpen-
diular to ẑ. Nevertheless, as is lear from (41), only the
solutions with k = 0 ontribute to the observation signal
if the rf eld he is homogeneous.
The eigenfuntions m+0 (z) = 〈z|α〉 then are the om-
binations of the two Airy funtions
〈z|α〉 = AAi (arg) +BBi (arg) , (48)
where arg = (ωα − ωL − z∇ωL)/ξ∇ωL, and
ξ = 3
√
D/∇ωL (49)
is the harateristi wavelength. Its sign depends on the
relative sign of D and ∇ωL and thus on the sign of κ. In
3
He and in
3
He-
4
He solutions with a onentration x >
3.5%, κ is positive. We onsider ξ > 0 for deniteness.
The boundary onditions (44) on the two plane bound-
aries ∂z |α〉|z=0,L = 0 determine the eigenfrequenies ωα
and the ratio of the oeients B/A. The remaining oef-
ient A is determined from the normalization ondition
〈α|α〉 = 1.
When L ≫ ξ the inuene of the lower wall of the
ontainer is negligible and the modes are loalized near
the upper wall and deay exponentially into the bulk on
distanes ∼ ξ. Then the eigenfuntions are just the Airy
funtions of the rst kind  Ai and (48) beomes
〈z|α〉 ≡ 〈z|nz〉 = AAi
(
L− z
ξ
+ α′nz
)
,
where α′n < 0 is the n-th zero of the derivative of the
Airy funtion Ai′: α′1 ≈ −1.02, α′2 ≈ −3.25, α′3 ≈ −4.82,
et. The eigenfrequenies are
ωα ≡ ωnz = ωL + L∇ωL + α′nzξ∇ωL. (50)
Inlusion of dissipation C−1 6= 0 makes the diusion
oeient omplex. The Hamiltonian (40) then beomes
non-Hermitian. The omplete analysis of the spetra of a
non-Hermitian Hamiltonian is possible only in the frame-
work of the general formalism to be developed in Se. V.
However for the moment it is suient to make the fol-
lowing statement. In the presene of dissipation (C−1 6=
0) ξ in (49) beomes omplex
ξ → ξ(1 + i/C)1/3 (51)
and so do arguments of the eigenfuntions (48). Eigen-
frequenies (50) also aquire imaginary parts due to ξ
entering the expression.
Thus the omplex eigenfrequenies in the presene of
dissipation an be easily obtained from the real ones in
the absene by the substitution (51). This statement ap-
plies not only to (50) but to any spetrum of the Hamil-
tonian (40).
Let us now onsider the eets of the dipolar eld.
We may utilize the results of Appendix A sine a slab
is innite in the diretion perpendiular to zˆ and modes
depend on only z. In suh onditions the demagnetizing
eld is loal
n̂zz = n
(z)
slab = 1. (52)
7It is then obvious from (40) that the dipolar eld pro-
dues no eet on the spin wave spetrum (50) apart from
a uniform shift by
1
2
ωM (1− 3n(z)slab) = −ωM . (53)
Suh a shift does not distort the spetrum  it does
not hange neither the mutual positions of the modes nor
their widths, from whih the harateristis of the liquid
are derived.
We rather aim at nding those distortions, so we pro-
eed to a more relevant shape of a ylinder of a nite
radius, whih as well as all nite shapes as we will see
does give suh distortions.
B. Finite ylinder
Consider a nite ylinder with the base radius R ≫ ξ
and height L ≫ ξ and a generatrix parallel to zˆ. We
nd the inuene of the niteness of a speimen on the
magnitude of dipolar orretions to the spetrum in the
rst order of perturbation theory.
The rst order perturbational orretions to the modes
frequenies are the averages of the perturbation (dipolar)
operator in the given eigenstate ψα(r)
δdipωα =
ωM
2
(
1 − 2
∫
|ψα(r)|2 n̂zz [1]d3r
−
∫
ψ∗α(r)n̂zz[ψα(r)]d
3r
)
. (54)
In a nite ylinder the dipolar-free eigenfuntion |α〉
satisfying boundary onditions (44), written in ylindri-
al oordinates z, ρ, ϕ is
ψnznρm = cnznρmAi(
L−z
ξ + α
′
nz )Jm(
ζ′nρm
R ρ)e
imϕ, (55)
where nz, nρ = 0, 1, 2, ...,∞ are respetively the longitu-
dinal and radial quantum numbers and m = −∞, ...,+∞
is the azimuthal quantum number. ζ′nρm is the (nρ+1)-
th zero of the derivative J ′m of the Bessel funtion Jm,
cnznρm are the normalization oeients.
From the general formula (41) it is not hard to see that
only the modes with nρ = m = 0 ouple to the homo-
geneous rf eld. Indeed, |nz00〉 is uniform in the plane
perpendiular to zˆ. Therefore, integrals like 〈nznρm|h+e〉
are proportional to 〈nρm|00〉 = δnρ0δm0.
Calulating (54) with (55) yields (see Appendix C)
δdipω
cylinder
nz = ωM
(
−1 + L
piR
log
8R
eL
(56)
+
ξ
piR
(
Φnz log
8R
e2Ξnzξ
+Ψnz log
eL
Θnzξ
))
.
The rst two terms not dependent on the mode num-
ber nz desribe uniform shift of the spetrum, and the
last two terms dependent on nz through the numerial
onstants Φnz , Ψnz , Ξnz and Θnz , whih are of the order
of unity (see Table II in Appendix C), give the sought-for
spetrum distortion.
We see that for nite ξ/R the spetrum undergoes dis-
tortion proportional to the parameter
2ωM
piξ∇ωL
ξ
R
log
√
RΦLΨ
ξΦ+Ψ
, (57)
where ωM = 4piγM haraterizes the magnetization den-
sity, ∇ωL is the gradient of the Larmor frequeny, R is
the radius of the ylinder base, L its height and ξ is the
wavelength (49) of an Airy-type standing spin wave. The
quantity ξ∇ωL gives the average distane between modes
in the units of frequeny. Φ and Ψ are numbers of the
order of unity.
The alulations of the dipolar eld eets in the rst
order of perturbation theory allow us to estimate the
maximum error due to the demagnetizing eld in the
determination of the transverse relaxation time τ from
the spin wave spetra (see Appendix C).
This error turns out to be of the order of the parameter
(87), i.e. for the experiment [10℄ ≈ 4.2% for M/M0 ∼ 4.
Thus, interpreting spetra aording to the usual the-
ory not taking into aount the demagnetizing eld in-
dues an error in the derived value of the transverse re-
laxation time of the order of the parameter (87).
The term proportional to Φnz omes from the demag-
netizing eld produed by the rotating part m of mag-
netization. While the term proportional to Ψnz is due
to the spatial inhomogeneity of the demagnetizing eld
−4pin̂[M] produed by the initial stati (homogeneous!)
distribution of M (26) in a nite ylinder.
The values of these two terms are plotted in units of
ωM as funtions of the mode number in Fig. 1 for ξ/R =
0.015 and L = 2R. Apart from being greater, the term
brought about by the spatial inhomogeneity of the stati
distribution of the dipolar eld depends stronger on the
mode number, thus resulting in bigger mutual shifts of
the modes. So the main soure of the spetrum distortion
in a nite ylinder turns out to be the inhomogeneity of
the stati dipolar eld.
In ellipsoids, in partiular in a sphere, the demagne-
tizing eld produed by the initial stati distribution of
M is homogeneous. And so there is only the distortion
to the spetrum from the rotating part m of magneti-
zation as we will see in the next setion. This makes
ellipsoidal shapes advantageous if the dipolar eld eets
are unfavorable.
To onlude, we found the orretions to the spin wave
modes in a nite ylinder due to a weak demagnetizing
eld in perturbation theory. These orretions onsist in
shifting the spetrum as a whole, hanging the relative
distanes between the modes and in narrowing down the
modes. The two last are of interest for us sine they
deform the spetrum.
There are two ontributions to the spetrum defor-
mation  one from the stati inhomogeneous demag-
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FIG. 1: Comparison of the two parts in the parameter of dis-
tortion of the spin-wave spetrum in a nite-ylindrial ell
brought about by the demagnetizing eld (the two last terms
of (56) in units of ωM for ξ/R = 0.015 and L = 2R). The
rst part (third term in (56)) (©) is due to the demagne-
tizing eld produed by the rotating part m of magnetiza-
tion. The seond part (the last term in (56)) (✷) results from
the inhomogeneity of the dipolar eld produed by the ini-
tial stati distribution M = χnAH
ezˆ of magnetization in a
nite-ylindrial sample.
netizing eld and the other from the rotating part of the
magnetization. The rst ontribution exists only in non-
ellipsoidal samples, in whih a homogeneous stati mag-
netization produes inhomogeneous demagnetizing eld.
IV. SPHERICAL CELL
Though for a spherial ontainer exat analytial so-
lution in the absene of dipolar eld turns to be impos-
sible, one an obtain an expliit expression for several
rst modes in adiabati approximation if the radius of
the sphere R≫ ξ.
The prerequisites of adiabati approximation might
be best understood if one exploits the analogy with the
Shrödinger equation for a partile moving in an exter-
nal eld. If the movement in one diretion is somehow
more restrited than in the others (geometrially or by
an external eld) it is a onsequene of Heisenberg uner-
tainty relations that the movement in this diretion will
be faster. The slow enough movement in the other dire-
tions then will make up an adiabati perturbation that is
known not to hange the state of the partile desribing
the fast motion.
As a result, the wave funtion an be ombined as a
multipliation of an envelope depending only on the unre-
strited oordinates, and of the fast motion state depend-
ing on the unrestrited oordinates as on parameters.
This approah gives (see Appendix D) for the eigen-
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FIG. 2: Comparison of the rst several spin wave modes
frequenies in a spherial avity obtained numerially (solid
urves, [17℄) and in the adiabati approximation (dashed
urves, Eq. (59)). The eigenfrequenies are plotted as fun-
tions of the ratio ξ/R of the harateristi wavelength to the
sphere radius.
frequenies
ωnzn = ωL +R∇ωL + ξ∇ωL
[
α′nz −
√
2
ξ
R
(2nρ + 1)
]
,
(58)
where ωL is the Larmor frequeny in the enter of the
sphere, and nz , nρ = 0, 1, 2, ...,∞ are the longitudinal
and radial quantum numbers respetively. Sine ξ/R ≪
1 ∼ α′n we see that the lower-lying levels belong to α0 and
therefore deay exponentially with diminishing z. Modes
with nz = 1 will make a single osillation before vanish-
ing, modes with nz = 2 a double, et.
Eq. (58) redues to (50) in the limit ξ/R → 0 as it
must. Indeed, in both (58) and (50) there gures the
Larmor frequeny at the top of a sample  z = L for
(50) and z = R for (58) and the seond term in brakets
in (58) tends to zero when ξ/R→ 0.
If we introdue dimensionless frequenies aording to
[17℄ ωα = ωL + R∇ωLfα, we onlude that the observ-
able eigenfrequenies for our problem are desribed in the
adiabati approximation by
fα = 1 +
ξ
R
[
α′nz −
√
2
ξ
R
(2nρ + 1)
]
. (59)
The omparison between this formula and the results ob-
tained numerially in Ref. [17℄ is shown in Fig. 2. In
Ref. [17℄ the ombination ξ/R was designated as ∆.
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FIG. 3: The dependene of the frequenies, half-widths and
heights of the rst four modes (numbered in the same order as
on Fig. 2) on the strength of the demagnetizing eld ωM (solid
urves) obtained by numerial simulations in Setion V. Input
parameters are ξ/R = 0.1, C = 20. First order perturbational
orretions (dashed lines) alulated in the text belong to the
region ωM/2R∇ωL ≪ 1. Perturbational alulations were
done only for the modes with radial quantum numbers nρ = 0,
among the four depited only the rst and the fourth are of
the type. Heights of the modes are impossible to alulate
perturbationally.
Note that the numerial sheme developed in Ref. [17℄
requires more and more omputational eort for ξ tend-
ing to zero. The alulation time to get safe eigenfre-
quenies values grows. That is why the numerial urves
are not shown in the viinity of zero. Sine we ourselves
use a similar omputational tehnique we put o more
detailed disussion until Setion V.
Contrariwise, the disrepany between approximate
and numerial urves at large ξ is aounted for by inap-
pliability of adiabatis out of the region ξ ≪ R.
So approximate and numerial methods omplement
eah other. While numeris is the method of hoie for
relatively large ξ/R when adiabatis breaks down, it re-
quires inreasingly larger basis to obtain reliable results
for small ξ/R. In this region it is easier to alulate
eigenfrequenies in adiabati approximation.
Let us now look on dipolar eld orretion to the
modes.
Quite analogously to the ase of a nite ylinder, we
obtain for the orretions to the modes (see Appendix D)
δdipω
sphere
α = ωM
(
−1
3
+
Φnz
√
pi
4
4
√
ξ
2R
)
. (60)
And orrespondingly for the orretions to the imaginary
parts of the modes
δdipℑωsphereα =
ωM
12C
Φnz
√
pi
4
4
√
ξ
2R
. (61)
Numerial onstants Φnz are the same as in (56).
The parameter determining the relative value of the
dipolar eld eets in a sphere is
√
piωM
4ξ∇ωL
4
√
ξ
2R
. (62)
In the next setion we will solve the eigenvalue problem
in a sphere in the presene of a dipolar eld of an arbi-
trary strength. It is interesting to ompare the results of
numerial simulations with the rst order perturbational
orretions written above.
To this end the positions ℜ(ωα − ωL) and half-widths
ℑωα of the rst four modes obtained from both numer-
is and analytis are plotted on Fig. 3 for several ωM .
Heights are plotted only as obtained numerially. As one
an see from Fig. 3, perturbational approximation is sat-
isfatory for the values of ωM/2R∇ωL up to ∼ 0.1, or,
for values of (62) up to ∼ 0.4. The small disrepany
between numerial and analytial results even in this re-
gion is aounted for by the restritions of the adiabati
approximation used to fulll analytial alulations.
The spetra themselves alulated numerially for sev-
eral values of ωM are shown on Fig. 4. Modes weights are
redistributing between adjaent modes with ωM growing.
Not only the weights but also half-widths and positions
of the modes hange.
V. SPHERE. NUMERICAL CALCULATIONS
The omplexity of the Hamiltonian (40) does not allow
nding exat eigenfuntions by analytial methods apart
from using perturbation theory. Nevertheless it is always
possible to solve equation (43) numerially. We hose a
spherial ontainer for numerial investigations.
Before proeeding to the desription of the simulation
sheme utilized, a formalism is to be established for solv-
ing an eigenvalue problem with a non-Hermitian Hamil-
tonian. Of interest for us is the generalization of the ex-
pansion (45) of the Green funtion into series over eigen-
funtions. The following subsetion is dediated to the
topi.
In the two remaining subsetions we disuss respe-
tively the tehnique and the results, other than already
mentioned in the previous setion, of the numerial sim-
ulations.
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FIG. 4: Spin wave spetra obtained numerially in Setion V
for several ωM/2R∇ωL < 1. Input parameters are ξ/R = 0.1,
C = 20. Modes are numbered in the same order as on Fig. 2.
A. Green funtion of a non-Hermitian Hamiltonian
In this subsetion we derive an analogue of (45) for
a non-Hermitian Hamiltonian Ĥ 6= Ĥ+. For Ĥ 6= Ĥ+
the set of eigenfuntions |α〉 of Ĥ is not orthogonal. A
seond set of funtions, viz., the set of eigenfuntions of
the Hermitian onjugate operator Ĥ+, is to be introdued
[24℄.
The eigenvalues of the operator Ĥ+ are just the om-
plex onjugates of the eigenvalues of Ĥ. Indeed, the
eigenvalues are found from a seular equation. And for
the Hermitian onjugate operators these algebrai equa-
tions may be shown to be omplex onjugate.
Thus the set of eigenfuntions of Ĥ+ may always be
numbered with the same index α. To distinguish this set
from |α〉 we will denote it by |α〉〉
Ĥ|α〉 = ωα|α〉, (63)
Ĥ+|α〉〉 = ω∗α|α〉〉. (64)
However, it should be borne in mind that |α〉〉 like |α〉 is an
ordinary set of ket-vetors, whih has the orresponding
set of bra-vetors.
It turns out then that, notwithstanding that neither
the set |α〉 nor |α〉〉 is orthogonal, there is orthogonal-
ity between the two sets. Indeed, following a onven-
tional sheme of proving mutual orthogonality of eigen-
funtions, we note that
〈〈α|Ĥ|β〉 = ωβ〈〈α|β〉.
On the other hand,
〈〈α|Ĥ =
(
Ĥ+|α〉〉
)+
= (ω∗α|α〉〉)+ = ωα〈〈α|. (65)
Multiplying this by |β〉 and subtrating the previous re-
sult, we see that
(ωα − ωβ)〈〈α|β〉 = 0. (66)
Thus |β〉 and |α〉〉 are orthogonal if α 6= β. So it is said
that the two sets |α〉 and |α〉〉 onstitute a biorthogonal
set of eigenfuntions.
The expansion of an arbitrary funtion into a onver-
gent series is then possible
|x〉 =
∑
α
|α〉〈〈α|x〉. (67)
Here the eigenfuntions are supposed to be normalized
so that
〈〈α|β〉 = δαβ . (68)
Performing suh an expansion for |h+〉 in (38), one
obtains
Ĝω =
∑
α
|α〉〈〈α|
ωα − ω . (69)
This is the sought-for generalization of (45). For a Her-
mitian Hamiltonian the two sets oinide |α〉 = |α〉〉, and
(69) redues to (45).
Thus we see from (41) that the spetrum of a non-
Hermitian Hamiltonian onsists of a set of Lorentzians
at ω = ℜωα with half-widths ℑωα eah entering with a
weight 〈he+|α〉〈〈α|he+〉. If the rf eld an be regarded as
uniform on the sales of the sample, the relative weights
of the Lorentzian peaks are∫
〈r|α〉d3r
∫
〈〈α|r′〉d3r′. (70)
In our partiular ase, the Hamiltonian (40) is symmet-
ri Ĥ+ = Ĥ∗. This is trivial to see without the dipolar
eld term, but this term an also be shown to be (real)
symmetri, sine partial dierential operator ∂2z and the
Green operator Gˆ∞ are both real symmetri and om-
mutative ∂2z Gˆ∞ = Gˆ∞∂2z (We remind that for an integral
operator with a kernel G(r, r′) Hermitian onjugate has
the kernel G∗(r′, r)). Indeed, we write
∂2z Gˆ∞m = ∂2z
∫
m(r′)
|r− r′|d
3r′ =
∫
m(r′)∂2z′
1
|r− r′|d
3r′.
(71)
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Taking the integral two times by parts and taking into
aount that m(r′)/|r− r′| → 0 at z′ → ±∞, we get∫
∂2z′m(r
′)
|r− r′| d
3r′ = Gˆ∞∂2zm. (72)
Therefore from the denition (64) we immediately
onlude that in the ase of a symmetri Hamiltonian
Ĥ+ = Ĥ∗ the two sets of eigenfuntions are related
through 〈r|α〉〉 = 〈r|α〉∗ ≡ 〈α|r〉. Expression (70) for
the relative weights of the modes simplies then to(∫
〈r|α〉d3r
)2
. (73)
Note that the (omplex) value itself of the integral is
squared, not its absolute value, as it would be should the
Hamiltonian be Hermitian. We will use the expression
(73) for the modes weights in numerial alulations of
the spetra.
B. Numerial approah
One of the methods for solving a spetral Sturm-
Liouville problem (oneptually, perhaps, the simplest)
onsists in its nite-dimensional approximation. For-
mally, we then are left with standard algebrai spetral
problem. For the solution of the latter one an implement
one of ready safe well-established algorithms. However,
one must be autious with the dimension of approxima-
tion.
One of the possible disretization tehniques is to nd
eigenfuntions in the representation of some omplete or-
thonormal set of funtions when the Hamiltonian (40)
would beome a matrix. Suh a sheme was developed
in appliation to spin waves in Ref. [16℄, [17℄.
A handy orthonormal set to hoose is that of eigen-
funtions of the Laplae operator satisfying the boundary
onditions for the geometry in question[
∂2 + k2µ
] |µ〉 = 0, (74)
n̂i∂i|µ〉|∂ = 0. (75)
Here µ stands for a omplete set of indies needed to
desribe a state, kµ are waveonstants. In the ase of
suh a hoie of the set the rst term of the Hamiltonian
(40) beomes trivial and the boundary onditions are met
automatially.
The eigenfuntions |α〉, |α〉〉 of the operators Ĥ, Ĥ+
then take the form
|α〉 =
∑
µ
|µ〉〈µ|α〉, |α〉〉 =
∑
ν
|ν〉〈ν|α〉〉. (76)
where the oeients of expansion 〈µ|α〉 and 〈ν|α〉〉 are
found numerially as right and left eigenvetors of the
matrix form of the Hamiltonian (40) orresponding to
eigenfrequenies ωα
∑
ν
Hµν〈ν|α〉 = ωα〈µ|α〉, (77)∑
ν
〈〈α|ν〉Hνµ = ωα〈〈α|µ〉, (78)
where Hµν = 〈µ|Ĥ|ν〉.
For a sphere µ denotes the set n, l, m of the radial,
polar and azimuthal quantum numbers: n, l = 0, 1, 2,
. . ., m = −l, −l+1, . . ., l− 1, l. The orresponding basis
is
〈r|µ〉 = 〈r|nlm〉 = cnljl(knlr)Y ml (r̂) (79)
where jl is the spherial Bessel funtion, Y
m
l is the spher-
ial harmoni, and renormalization oeients cnl are
dened aording to
cnlcn′l
∫ R
0
jl(knlr)jl(kn′lr)r
2dr = δnn′ . (80)
The waveonstants knl depend on the boundary on-
dition. That of (75) requires that knlR be the (n+1)-th
zero of the derivative ∂rjl(r) of the spherial Bessel fun-
tion.
Sine we are interested only in axisymmetri modes,
whih ouple to a homogeneous rf eld, we may simplify
the formulas by working with a sub-basis |nl0〉.
Innite indexing n, l is to be trunated at some nite
values for numerial omputation. Maximum values of
nmax, lmax are restrited by omputational tratability
of resulting matries.
On the other hand, justiation for suh a trunation is
that oeients 〈nl|α〉 tend to zero for large n, l beause
of the osillating harater of jl. We expet 〈nl|α〉 lose
to zero when the harateristi sale ξ of the funtion
〈r|α〉 beomes greater then the period ∼ R/n of the os-
illations of the basis funtion jl. Empirially, nmax = 10
is already quite good for ustomary ξ/R ∼ 0.1. Note
that the hange in jl(knlr) with inreasing l is muh less
dramati. So more l's are to be retained in the sub-basis.
We used lmax = 51. Further inrease of nmax, lmax proved
to have no apparent eet on the spetra for ξ/R ∼ 0.1.
However, for ξ/R → 0 more and more sub-basis fun-
tions should be kept, whih leads to rapid slowing down
of the omputations. In this limit adiabati approxima-
tion (see Se. IV) gives safer results.
It is onvenient to seek for the eigenfrequenies ωα in
the form ωL+R∇ωLfα. The Hamiltonian for the matrix
equation on fα
〈nl|Ĥf |n′l′〉 = −
(
ξ
R
)3 (
1 + iC
)
(knlR)
2
δnn′δll′
+
〈
nl
∣∣ z
R
∣∣n′l′〉 (81)
+ ωM2R∇ωL
〈
nl
∣∣ 1
3 − n̂zz
∣∣n′l′〉
omprises three parameters  ξ/R, the ratio
ωM/2R∇ωL of ωM to the total eld gradient over
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the sample and the regime parameter C. Here we have
used 1− 2n(z)sphere = 13 .
The matrix elements of z/R and of n̂zz by integrating
over the solid angle with appropriate spherial funtions
redue to integrals over the radial oordinate r.
The matrix elements of z/R were written in [17℄, the
integrals arising should be alulated numerially. The
rather lengthy alulations of the matrix elements of n̂zz
were separated into Appendix E.
We ite here only the results. The matrix elements of
z/R = r cos θ/R, where θ is the spherial polar angle are
non-zero only if l′ = l ± 1
〈nl| z/R |n′, l′ = l ± 1〉 (82)
= c0λcnlcn′l′
∫ R
0
jl(knlr)jl′ (kn′l′r)r
3dr/R.
Here λ is the greater of l, l′ and
c0λ = λ/
√
4λ2 − 1. (83)
The matrix elements of n̂zz are non-zero only if l
′ =
{l, l± 2} (see (E28) in Appendix E)
〈n l| 13 − n̂zz|n′l〉 = δnn′
[
1
3 −
(
c0l
)2 − (c0l+1)2] , (84)
〈n l| 13 − n̂zz|n′, l′ = l ± 2〉 = c0λc0λ−1cnlcn′l′R2
× knljl+1(knlR)jl(kn′l′R)− kn′l′jl+1(kn′l′R)jl(knlR)
k2nl − k2n′l′
It may be veried that the matrix 〈nl|Ĥf |n′l′〉 is indeed
symmetri.
The algebrai eigenvalue problem for (81) with (82)
was solved using standard subroutine from the Linear
Algebra Pakage LAPACK. Eigenvetors were then nor-
malized and the left and right eigenvetors used to nd
the modes weights.
In alulating modes weights using (77), (78) we note
that 〈r|000〉 = 1/
√
V , where V = 4piR3/3 is the sphere
volume. Thus∫
〈r|nlm〉d3r =
√
V 〈000|nlm〉 =
√
V δn0δl0δm0. (85)
The general formula (70) in this ase redues to
V 〈000|α〉〈〈α|000〉. (86)
C. Results of simulations
Numerial results in the absene of the dipolar eld
were obtained in Ref. [17℄. When ωM = 0 there remain
only two parameters in the problem  the ratio ξ/R of
the harateristi wavelength to the sphere radius and the
regime parameter C whih determines half-widths of the
modes. The dependene of the spin wave spetrum on
ξ/R in the limit of weak demagnetizing eld was plotted
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FIG. 5: Absorption signals of a polarized Fermi liquid in a
spherial ontainer for several regime parameters C in neglet
of the dipolar eld eets ωM = 0 (grey lled urves) and for
a dipolar eld of an intermediate strength ωM/2R∇ωL = 1
(solid urves). The ratio ξ/R was put 0.1.
in Fig. 2 to ompare adiabati approximation with sim-
ulations. A typial absorption signal in the absene of
the dipolar eld is depited as grey lled urves in Fig. 5
for several C. Derease in C results in modes broadening
without hanging their positions.
When ωM is small enough the dipolar eld onstitutes
a perturbation to onventional Silin spin waves. It is this
regime whih was studied perturbationally in Se. IV.2.
In this subsetion we shortly onsider other results of
numerial alulations, viz., regimes of intermediate and
strong demagnetizing elds. Although these regimes were
not realized so far in Fermi liquids (see Table I), one
annot leave out what is to be expeted.
As ωM inreases the spin wave spetrum undergoes
rossover from Silin type for small demagnetizing elds
(ωM/2R∇ωL < 1) to magnetostati type for large de-
magnetizing elds (ωM/2R∇ωL > 1). On a gross sale
this transition is represented in Fig. 6 for ξ/R = 0.1
and C = 20 (grey lled urves) and C = 5 (solid urves).
Modes weights hange so that adjaent Silin modes group
into fewer magnetostati modes. These separate at even
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larger ωM until a uniform (Kittel) mode singles out at
extremely large ωM .
This latter mode is the only one to remain beause
we hose a uniform radio-frequeny eld for the response
of the system. And a non-uniform rf eld is required
to ouple to non-uniform magnetostati modes sine the
inuene of external eld gradient ∇ωL is negligible for
large ωM .
The behavior desribed is not altered by larger dissi-
pation (smaller C) other than Silin modes grouping be-
omes more pronouned (see solid urves on Fig. 6).
The dependene on C of a spetrum for a demagnetiz-
ing eld of an intermediate strength (ωM/2R∇ωL = 1)
is plotted in Fig. 5 as solid urves. Pronouned adjaent
modes for larger C merge into magnetostati onglom-
erates with no distintion for smaller C. No apparent
relation, espeially for smaller C, an be seen with the
spetrum in the absene of the demagnetizing eld.
VI. DISCUSSIONS
A. The method
We studied the inuene of the dipolar (or demagnetiz-
ing) eld on the spetrum of linear standing spin waves
in a polarized Fermi liquid in a nite ontainer.
A somewhat resembling problem was studied in the 70s
in ferrimagnets. deWames and Wolfram [28℄ onsidered
not the Larmor-preession ase (1), but the true Landau-
Lifshitz equations of inhomogeneous magnetization dy-
namis that ontain an additional exhange torque term
depending on the Laplaian of the magnetization. This
term is similar to that arising from the Leggett equations
(see Eq. (30)).
The situation in ferrimagnets and in polarized Fermi-
liquids belong however to dierent limiting ases. In ferri-
magnets the dipolar eld eets  magnetostati waves
 are pronouned and exhange is a perturbation. In
a paramagneti Fermi liquid under onventional experi-
mental onditions, on the ontrary, it is the dipolar eld
whose eet is smaller.
There is another obstale of transplanting the ap-
proah of deWames and Wolfram to our needs. In order
to aommodate all the inhomogeneities  both from the
Landau-Lifshitz equations and from the Maxwell equa-
tions (8)  the resulting dierential equation for magne-
tostati potential is of the sixth order in spatial deriva-
tives. Though it was manageable in a quasi-1D situa-
tion (ferrimagneti substane yttrium iron garnet YIG is
grown as thin lms), it beomes virtually intratable in
any, even the simplest, 3D geometry.
An approah to inlude dipolar eld into magnetiza-
tion dynamis analogous to ours was used by Deville et
al. [29℄ in appliation to solid b
3
He. In this mate-
rial the dipolar eld gives rise to multiple spin ehos at
times nτ following two isolated rf pulses at times 0 and τ .
Ref. [29℄ explained this phenomenon quantitatively using
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FIG. 6: From bottom to top  evolution of the spin waves
spetrum of a polarized Fermi liquid at a rossover from weak
to strong demagnetizing eld. Several adjaent Silin modes
form a group whih evolves further as a magnetostati whole.
The distane between magnetostati modes grows with ωM
until we are left with the sole mode in whih magnetization
in the whole sample osillates uniformly. Input parameters
were ξ/R = 0.1, C = 20 (grey lled urves) and C = 5 (solid
urves).
a simplied loal approximation for the dipolar eld valid
for a slab innite in the diretions perpendiular to the
external eld (although this restrition was not properly
emphasized in the paper). Later Fomin and Vermeulen
[30℄ utilized the form of the dipolar eld term of Ref. [29℄
to study dipolar orretions to a two-domain oherently
preessing struture.
As for linear spin waves, in this loal approximation
neither the relative positions of the modes nor their half-
widths and heights hange, and the spetrum only shifts
as a whole. The demagnetizing eld is by denition
shape-dependent and it is erroneous to use the loal ap-
proximation a priori.
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TABLE I: Comparison of the onditions of dierent spin-wave experiments [10℄, [16℄, [17℄, [18℄ in pure
3
He and in solutions
of
3
He in
4
He. From left to right. i) The onentration x of 3He atoms in mixtures (for pure 3He not given). ii) The stati
magnetization M in the units of the equilibrium magnetization M0 (4) in the external eld; dierent from 1 only in [10℄, [18℄;
see the text for more explanation. iii) The Larmor frequeny ωL/2pi, where ωL = γH
e
. iv) The gradient ∇He = ∇ωL/γ of
external eld; v) The mean distane between modes ξ∇ωL in the units of frequeny, ξ being the harateristi spatial distane
(49)  the wavelength of Airy type spin wave. vi) ωM = 4piγM  a harateristi of the stati demagnetizing eld. vii) The
radius R, for a box this is half-size, for fatually used ylinders it is also roughly the half-height. viii)  x) The three parameters
entering the Hamiltonian (81) used for simulations of the eigenvalue problem in a spherial ell, (ξ/R)3 and ωM/2R∇ωL give
the relative importane orrespondingly of the exhange moleular eld and of the demagnetizing eld to the gradient of the
external eld; in a box these parameters lak strit meaning and are presented here in parentheses only for an estimate; C
is the regime parameter (5) at the temperature shown for eah experiment in the left olumn. xi) The dipolar parameter
(87) (ylinder and box) or (88) (sphere) (more exatly, their more aurate equivalents (56) and (60) respetively); if it is
muh smaller than unity it signies that perturbation theory an be applied at the onditions of the experiment. The input
parameters for the alulations ome from various soures [19℄.
onen- magneti- Larmor eld modes dipolar
tration zation frequeny gradient distane parameter
parameters x,
M
M0
ωL
2pi
, ∇He,
ξ∇ωL
2pi
,
ωM
2pi
, R,
ξ
R
, C
ωM
2R∇ωL
, (87) or (88)
and units 10−3 MHz G/sm Hz Hz mm ×10−3 ×10−3 ×10−3
pure
3
He in a 1 1 2 122 0.48 (189) 3.7 (0.37) 1.17
retangular box, - 1 2 2 97 0.97 1 (150) 7.3 (0.74) 2.5
[16℄, T = 1 mK 1 4 2 77 1.93 (119) 14.6 (1.49) 5.5
3
He-
4
He in a sphere, 1.82 1 258 3.62 60 9.2 0.4 133 2.5 10.1 38
[17℄, T = 20 mK 0.63 1 258 2.01 30 3.9 0.6 77 3 4.95 28
3
He-
4
He in a 1 78.4 23.5 121 9.7 18.1 73
hemisphere, [18℄, 2 36.2 47.0 96 19 36.3 173
T = 20 mK 93 3 341 4 54.4 70.6 0.5 84 29 54.4 288
4 49.4 94.1 76 39 72.5 413
pure
3
He in 1 21.9 241 6.6 2.3 36 252
a nite 2 17.4 482 5.2 4.5 73 532
ylinder, [18℄, - 3 312 5.1 15.2 723 2.0 4.6 6.8 109 809
T = 20 mK 4 13.8 963 4.2 9.1 146 1099
5 12.8 1204 3.9 11 182 1385
3
He-
4
He in 1 150 23.5 22 9.6 1.7 9.6
a nite 2 119 47.0 17 19 3.4 20
ylinder, [10℄, 93 3 341 10.6 104 70.6 2.0 15 29 5.1 31
T = 20 mK 4 95 94.6 14 39 6.8 42
B. Main results
The strength of the demagnetizing eld is propor-
tional to the polarization of the liquid. So in onven-
tional weakly-polarized liquids the dipolar eld an be
negleted, while for strong enough polarizations its ef-
fets overwhelm usual Fermi liquid exhange eld spin
dynamis.
Beause of its long-range harater, the dipolar inter-
ation introdues an additional non-loal term into the
equations of the spin dynamis. This term is an integro-
dierential operator on the magnetization, wherein the
integration is taken over the volume of the liquid. As a
onsequene the orretions to the spin dynamis depend
strongly on the shape of the ontainer.
In partiular, the inuene of the demagnetizing eld
on the spetrum of standing spin waves in an (in-
nite) slab redues for an arbitrary strength of the dipo-
lar eld simply to uniform shift of all the modes by
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−ωM = −4piγM , where M is the stati magnetization
of the liquid in an external eld, γ  gyromagneti ra-
tio.
In a nite volume of a liquid strengthening of the de-
magnetizing eld results in the rossover from the Silin
type spin wave regime to the regime of magnetostati
waves. In this latter the mehanism of the forming of
the standing spin waves has nothing to do with the ex-
hange physis of Fermi liquids. Magnetostati spetra
are in no way spei to the Fermi liquid and so ontain
no information on its parameters.
For intermediate polarizations the demagnetizing eld
in a nite volume of a liquid leads to the orretions to
Silin type spin wave spetra, both shifting the spetra
uniformly and also hanging the distanes between the
modes and the modes widths. These hanges of the se-
ond type whih distort the spetra are undesirable from
the point of view of deriving parameters of the liquid
from the spetra.
We have seen that the parameter determining the in-
uene of the demagnetizing eld on the spetra of spin
waves in a nite ylinder in the rst order of perturbation
theory is
2ωM
piξ∇ωL
ξ
R
log
√
RΦLΨ
ξΦ+Ψ
, (87)
where ωM = 4piγM haraterizes the magnetization den-
sity, ∇ωL is the gradient of the Larmor frequeny, R is
the radius of the ylinder base, L its height and ξ is the
wavelength (49) of an Airy-type standing spin wave. The
quantity ξ∇ωL gives the average distane between modes
in the units of frequeny. Φ and Ψ are numbers of the
order of unity.
For a sphere, an analogous parameter was
√
piωM
4ξ∇ωL
4
√
ξ
2R
. (88)
The values of these parameters (along with the values
of some others having appeared in the text) for several
reent spin-wave experiments are arranged into Table I.
The ratio M/M0 of the absolute value M of the stati
magnetization to the equilibrium magnetization M0 a-
ounts for the possible higher then equilibrium polariza-
tion of the liquid. Polarizing a liquid M/M0 times its
equilibrium value inreases proportionally the strength
of the demagnetizing eld as well as the parameters (87),
(88). For the experiments [10℄, [18℄, where M/M0 ould
be hanged, we present in Table I the data for several
integer values of M/M0 whih are lose to the real ex-
perimental values.
For onditions when dipolar parameter (87) or (88) is
smaller than unity one an use perturbation theory to
get orretions to the modes frequenies.
As the omparison between perturbation theory based
analytial alulations and numerial simulations for a
sphere shows (see Fig. 3) perturbation theory has a-
eptable auray up to the values of ωM/2R∇ωL ∼ 0.1
or (87), (88) ∼ 0.4. However, at greater values of the pa-
rameters (87), (88) the disrepany between perturbation
theory and numeris grows dramatially.
When the spin wave spetra are used for measuring
the transverse relaxation time τ , a proper treatment of
experimental data taking into aount dipolar eld or-
retions is neessary. We estimated that the dipolar re-
stritions on the orret determination of τ from the on-
ventional interpretation of the spetra are of the order of
the parameter (87) or (88). In partiular, for the experi-
ment [10℄ about 4.2%. The latter means that the eet of
a dipolar eld an not signiantly hange the main on-
lusion of this artile that the polarization indued zero
temperature spin wave damping does not exist, whih is
in disagreement with previous spin eho experiments [6℄,
[7℄, [8℄, [9℄.
A major inferene for planning future experiments is
the proposal to use ellipsoidal, in partiular, spherial
ontainers, not only beause the estimation of the shape-
dependent dipolar eld eets is simpler, but also beause
there are two roughly equal ontributions to the spin
wave spetrum distortion,  one from the inhomogeneity
of the stati demagnetizing eld and the other from the
demagnetizing eld produed by the rotating part of the
magnetization. The rst ontribution exists only in non-
ellipsoidal samples, in whih a homogeneous stati mag-
netization produes inhomogeneous demagnetizing eld.
For this reason implementation of suh shapes for the ex-
periments on the eliitation of the liquids harateristis
from the spetra is disadvantageous.
The dependenies of (87), (88) on experimentally on-
trollable parameters are as follows (87)∝ ωL logωL, ∝
log(D0/κτ1), ∝ ∇ω−1L log∇ωL, ∝ R−1, and (88)∝ ω5/4L ,
∝ (D0/κτ1)−1/4, ∝ ∇ω−3/4L , ∝ R−1/4. So a bigger R
and a bigger gradient diminish the ontribution of the
demagnetizing eld.
But for typial experimental onditions as one an
see from Table I, strongly-polarized
3
He-
4
He solutions
never are too far beyond the regime of Silin spin waves
perturbed by demagnetizing eld, whereas pure
3
He at
strong polarizations is in the deep intermediate regime,
for whih the results of Se. V apply. In view of this,
even at most favorable ell size and eld gradient, pure
highly-polarized
3
He seems to be unsuitable for a study
of Silin waves spetra.
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APPENDIX A: SPIN WAVES IN AN INFINITE
MEDIUM IN A UNIFORM MAGNETIC FIELD
The non-loal dipolar term n̂[m] is known to beome
loal in the important ase of a medium innite in two
diretions, with the proviso that m depends on only the
remaining third oordinate. The diretion in whih m
varies we denote as sˆ, and then the medium should be
innite in the two diretions perpendiular to sˆ.
In suh onditions
∂i∂j
∫
V
f(r′)
|r− r′|d
3r′ = sˆisˆj∂s
∫
∂sGˆ1d(s− s′)f(s′)ds′,
(A1)
where by denition
∂aGˆ1d(a) =
∞∫
−∞
∂a
d2r′⊥√
r′2⊥ + a
2
= −pia
∞∫
a2
dy
y3/2
= −2pisgna
Here r⊥ denotes the oordinate vetor in the plane per-
pendiular to sˆ.
So n̂ij [f ] = sˆisˆjf and
n̂[m] = sˆ(sˆm). (A2)
The ase of an innite medium in a uniform magneti
eld (i.e. ∇ωL = 0) is the simplest. Looking for a solu-
tion of (34) in the form of a running wave
m(r) = m0e
ikr
(A3)
we have sˆ = kˆ. Hene, Eq. (34) from whih the om-
ponents of the onstant m0 are to be found, beomes a
linear algebrai equation(
ω˜L + ωM kˆ
2
x −iω˜ + ωM kˆxkˆy
iω˜ + ωM kˆxkˆy ω˜L + ωM kˆ
2
y
)
m0 =
ωM
4pi
he⊥,
where ω˜L = ωL −Dk2 and ω˜ = ω + i(D/C)k2.
m0 as a funtion of frequeny has resonane at the ω
whih render the determinant of the matrix zero. This
gives a Holstein-Primako type spetrum with an addi-
tional attenuation term due to dissipation C−1 6= 0
ω =
√
(ωL −Dk2)
(
ωL −Dk2 + ωM sin2 θ
)− iD
C
k2,
(A4)
where θ is the angle between ẑ and k.
APPENDIX B: SPIN WAVE SPECTRUM
A speimen plaed into the eld of an NMR oil
hanges its impedane in two ways. First, the indu-
tane L alters beause so does the average energy of the
eld [23℄
LI2
2c2
=
1
8pi
∫
H(t, r)B(t, r)d3r (B1)
due to dispersion. I is the urrent through the oil. A
line over an expression here designates time average over
osillation period.
Seondly, the resistane R appears owing to the dissi-
pation of the energy of the eld in the speimen
RI2 =
1
4pi
∫
H(t, r)∂tB(t, r)d
3r. (B2)
Making use of the general solution (9)(11) and of the
expansion (24) we write
H(t) = Heẑ + he(t) +Hdip, (B3)
B(t) = (He + 4piM)ẑ + he(t) + 4pim(t) +Hdip.(B4)
In taking spae integrals of mutual salar produts of dif-
ferent terms ofH(t) and B(t) we note that those ontain-
ing Hdip transform into integrals over a remote surfae.
Sine beyond the speimen magnetization is zero, suh
integrals vanish.
In bilinear expressions we should write the monohro-
mati rf eld he(t) = hem cosωt as h
e(t) = 12 (h
e + he∗),
where he = heme
−iωt
. Similarly, the rotating part of
the magnetization should be written in the form m(t) =
1
2 (m+m
∗), where m = mme
−i(ωt+ϕ)(1, i).
Then the impedane Z = R − iωL/c2 of an NMR oil
an be written in the form
Z = Z0 + I
−2
∫
he(t, r) (∂t − iω)m(t, r)d3r
= Z0 − iωI−2
∫
he∗md3r, (B5)
where Z0 is the impedane without sample. So the
hange in the impedane of the oil due to sample is
proportional to
2
∫
he∗md3r ≈ 〈he+|m+〉. (B6)
The real part of this quantity gives the dispersion spe-
trum, while imaginary  absorption.
Introduing Green operator Ĝω (42) and normalizing,
we arrive at expression (41).
APPENDIX C: DIPOLAR CORRECTIONS TO
MODES IN A FINITE CYLINDER
In this Appendix we derive expression (56) for mode
shifts due to dipolar eld in a nite ylindrial ell.
The normalization oeients of transversely homoge-
neous nρ = m = 0 modes (55) are
c−2nz = piR
2ξ
∫ L/ξ→∞
0
Ai2
(
x+ α′nz
)
dx. (C1)
The upper limit may be put equal to innity and then the
last dimensionless integral is a number depending only on
nz.
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In alulating the integrals in (54) we use the expansion
of the Green funtion in ylindrial oordinates [22, p.
140℄
1
|r− r′| =
+∞∑
m=−∞
eim(ϕ−ϕ
′)
∫ ∞
0
e−k|z−z
′|Jm(kρ)Jm(kρ
′)dk.
(C2)
Integrals over ϕ and ϕ′ give (2pi)2δm0. Then the inte-
grals over ρ and ρ′ with J0 give R
2J21 (kR)/k
2
so that∫
V
Ψ (z)n̂zz [Φ(z)] d
3r = (C3)
− piR2
∞∫
0
J21 (kR)
k2
L∫
0
Ψ(z)
L∫
0
Φ(z′)∂2ze
−k|z−z′|dz′dzdk.
In the rst integral in (54) Ψ(z) = ψ2nz(z), Φ(z) = 1,
while in the seond  Ψ(z) = Φ(z) = ψnz(z).
As a result of dierentiating expansion (C2) we have
∂2ze
−k|z−z′| = −2kδ(z − z′) + k2e−k|z−z′|. (C4)
The integral of the δ-funtional part is the simpler, using∫
x−1J21 (x)dx =
1
2 , we obtain piR
2
∫ L
0
Ψ(z)Φ(z)dz. For
both integrals in (54) this gives unity.
So the δ-funtional part in the dipolar operator for
transversely homogeneous spatial distributions gives the
loal slab value (52).
The seond part in (C4) is shown below to be non-zero
only for nite samples. Indeed, it yields
−piR
∫ L
0
Ψ(z)
∫ L
0
Φ(z′)F
( |z − z′|
R
)
dz′dz,
where
F (p) =
∫ ∞
0
J21 (x)e
−pxdx (C5)
is the Laplae transform of J21 . Although its value an
be found in tables (see, e.g. [25, formula 6.612℄) for our
purposes it is suient to know its value for small p,
where it diverges logarithmially
F
( |z − z′|
R
)
≈ − 1
pi
log
e2|z − z′|
8R
. (C6)
Writing for small z∫ L
0
log
e2|z − z′|
8R
dz′ = L log
eL
8R
+ z log
z
eL
+O(z2)
and substituting
L−z
ξ → x we obtain for the rst integral
in (54)
1 +
L
piR
log
eL
8R
+
Ψnz
pi
ξ
R
log
Θnzξ
Le
. (C7)
TABLE II: Numerial onstants in the expression (56) for
mode shifts due to dipolar eld as funtions of the mode num-
ber.
nz 0 1 2 3 4 5
Φnz 1.1197 0.9377 0.6949 0.6449 0.5717 0.5443
Ξnz 0.5431 0.3525 0.2441 0.2384 0.2019 0.1989
Ψnz 0.6792 2.165 3.2134 4.109 4.915 5.659
Θnz 0.9189 2.481 3.657 4.667 5.576 6.419
And for the seond integral in (54)
1 +
2Φnz
pi
ξ
R
log
e2Ξnzξ
8R
. (C8)
Here the nz-dependent onstants
Φnz =
1
2
(
∫∞
−α′nz
Ai(x)dx)2∫∞
−α′nz
Ai2(x)dx
, (C9)
log Ξnz =
∫∞
−α′nz
∫∞
−α′nz
log |x− x′|Ai(x)Ai(x′)dxdx′
(
∫∞
−α′nz
Ai(x)dx)2
(C10)
Ψnz =
∫∞
−α′nz
xAi2(x)dx∫∞
−α′nz
Ai2(x)dx
, (C11)
log Θnz =
∫∞
−α′nz
x log(x)Ai2(x)dx∫∞
−α′nz
xAi2(x)dx
(C12)
are of the order unity, as is seen from Table II, where
they are alulated numerially for the rst six modes.
Plugging (C7) and (C8) into (54) we get for the dipolar
orretions to the modes frequenies in a nite ylinder
expression (56).
1. Dipolar error to transverse relaxation time
We are now in a position to estimate the error in the
determination of the transverse relaxation time beause
of the dipolar eld.
As an example, we onsider the experiment [10℄,
wherein τ was obtained from the regime parameter C,
whih, in its turn, was determined from the slope of the
linear t to the dependene of modes half-widths ℑωα on
their position ℜ(ωα − ωL − L∇ωL). In the ollisionless
regime in a nite ylinder, as is seen from (50) and (51),
the two quantities are related through
ℑωα
ℜ(ωα − ωL − L∇ωL) ≈
1
3C
. (C13)
We now nd the dipolar orretion to this value.
For nite C−1 the sale ξ should be replaed with
the omplex ξ(1 + i/C)1/3. This means that the dipolar
eld hanges also imaginary parts of the eigenfrequenies
and hene half-widths of the modes. In the ollisionless
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regime (C ≫ 1) the imaginary part of the orretion (56)
equals
δdipℑωcylindernz =
ωM
3C
ξ
piR
(
Φnz log
8R
e3Ξnzξ
+Ψnz log
L
Θnzξ
)
.
(C14)
So the dipolar eld hanges the widths of the modes
proportionally to ωM . Sine for all parameters being pos-
itive the initial imaginary parts
1
3Cα
′
nzξ∇ωL of the modes
(50) are negative, the modes narrow down in the rst ap-
proximation.
As a matter of fat, experimentally measured are not
the absolute positions of the modes frequenies but rather
their positions relative to eah other. So modes positions
in Ref. [10℄ were determined relatively to the position ω0
of the zeroth mode: not ωα but ωα − ω0.
To diminish the error due to the data sattering in the
value of the slope derived from the tting, it is desirable
to x the Larmor frequeny at the wall ωL+L∇ωL whih
is experimentally badly determinable. So the position ω0
was put equal to its value ω
(0)
0 = ωL+L∇ωL+α′0ξ∇ωL in
the absene of the dipolar eld. This means that instead
of ωα−ωL−L∇ωL in the denominator of (C13) atually
used in Ref. [10℄ was ℜ((ωα−ω0)+α′0ξ∇ωL) ≡ ℜ((ωα−
ω0)− ωL − L∇ωL + ω(0)0 ).
Calulating the ratio of ℑωα to this quantity taking
into aount the dipolar orretions (56), (C14) we get
1
3C
(
1 − ωM
α′nzξ∇ωL
ξ
piR
(
Φ0 log
8R
e2+Φnz/Φ0Ξ0ξ
+ Ψ0 log
e1−Ψnz/Ψ0L
Θ0ξ
))
. (C15)
So the error introdued to the determination of C is of
the order of (87).
APPENDIX D: SOLUTIONS FOR A SPHERICAL
CELL IN ADIABATIC APPROXIMATION
In this Appendix we obtain spin wave solutions in a
sphere negleting the dipolar eld.
For a solution of the three-dimensional eigenvalue
problem in a sphere of a radius R[
D∂2 + z∇ωL
]
u(z, r⊥) = δω u(z, r⊥), (D1)
∂ru|r=R = 0, (D2)
where we denoted δω = ω−ωL for brevity, the adiabati
approximation onsists in the substitution
u(z, r⊥) = v(z; ρ)w(ρ)e
imϕ, (D3)
where vnz (z; ρ) are the eigenfuntions of the equation[
D∂2z + z∇ωL
]
vnz (z; ρ) = ωnz(ρ)vnz (z; ρ). (D4)
The oordinate notations are represented in Fig. 7.
The appropriate boundary onditions for (D4) will be
disussed below.
z
ρ
Rθ
r^
FIG. 7: A sheme of the oordinate system used to solve the
eigenvalue problem in the adiabati approximation.
Then Eq. (D1) beomes
vnz (z; ρ)
[
D∂2⊥ + ωnz(ρ)− δω
]
w(ρ)eimϕ
+Deimϕ
(
w∂2⊥vnz + 2∂ρw∂ρvnz
)
= 0. (D5)
Adiabati approximation utilizes the fat that the se-
ond term ould be for ertain onditions negleted with
respet to D∂2⊥w(ρ). Then we would obtain an ee-
tively deoupled eigenvalue problem desribing the slow
transverse motion[
D∂2⊥ + ωnz(ρ)
]
w(ρ)eimϕ = δω w(ρ)eimϕ. (D6)
For an estimate of the onditions of the possibility of
that neglet we write
∂ρvnz (z; ρ) ∼ ∂ρz∂zvnz ∼ (ρ/R)∂zvnz , (D7)
and from (D4) we see that ∂zvnz ∼ vnz/ξ, where ξ is the
Airy spin wave harateristi wavelength (49). On the
other hand ∂ρw ∼ w/ρ. So, the ondition of appliability
of the adiabati approximation to this problem is that the
ratio of the seond term in (D5) to D∂2⊥w(ρ) should be
smaller than unity
ρ2/Rξ ≪ 1. (D8)
The boundary ondition (D2) on u reads
[cos θ∂z + sin θ∂ρ]vnz (z; ρ)w(ρ)e
imϕ = 0. (D9)
For small θ we have cos θ ≈ 1− ρ2/2R2 and sin θ ≈ ρ/R.
Estimating ∂ρvnz as above, we see that sin θ∂ρvnz is of
the order of (ρ/R)2∂zvnz , and in rst order in ρ/R the
boundary onditions are(
w∂zvnz +
ρ
R
vnz∂ρw
)
z≈R− ρ
2
2R
= 0. (D10)
The rst term is proportional to 1/ξ, while the seond
to 1/R and in the ase ξ ≪ R the boundary onditions
redue to a muh simpler form
∂zvnz |z≈R− ρ2
2R
= 0 (D11)
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Finally we formulate one again all our assumptions,
i.e. ρ, ξ, ρ2/ξ ≪ R. These three redue to ξ ≪ R if
ρ ∼ 1/√a, where 1/√a is the harateristi transverse
spatial sale of the wave funtion (see Eq. (D16) below).
Now we proeed to the solution itself. First, Eq. (D4)
should be solved with the boundary onditions (i) (D11)
at z = R − ρ2/2R and (ii) vi → 0 as z → −∞.
The solution is then
vnz(z; ρ) = Ai
(
ωnz(ρ)− z∇ωL
ξ∇ωL
)
, (D12)
where
ωnz (ρ) =
(
R− ρ
2
2R
+ ξα′nz
)
∇ωL (D13)
and α′n < 0 is the n-th zero of the derivative of the Airy
funtion Ai′.
Then Eq. (D6) desribes a two-dimensional harmoni
osillator [
D∂2⊥ −
∇ωL
R
ρ2
2
]
w(ρ)eimϕ =(
ω − (α′nzξ +R)∇ωL)w(ρ)eimϕ. (D14)
Solution in polar oordinates is
wnρm(ρ) = ρ
|m|e−aρ
2/2L|m|nρ (aρ
2), (D15)
where Lαn(z) are the Laguerre polynomials and we de-
noted
a2 =
∇ωL
2DR
≡ 1
2ξ3R
. (D16)
The orresponding eigenfrequenies are
ωnzn = ωL +R∇ωL + ξ∇ωL
[
α′nz −
√
2
ξ
R
(n+ 1)
]
,
where ωL is the Larmor frequeny in the enter of the
sphere, n = 2nρ + |m|.
Again we remark that only the modes with zero az-
imuthal quantum number m ouple to the rf eld. Eigen-
funtions with m = 0 our for even n = 2nρ, as is writ-
ten in (58).
1. Eets of dipolar eld in the rst order of
perturbation theory
We now alulate the demagnetizing eld orretions
(54) to the modes in a sphere.
As we saw in the previous subsetion, the dipolar-free
solution of the equations of motion satisfying boundary
onditions (44) is
ψnznρ0 = cnznρ0Ai
(R− ρ2
2R
−z
ξ + α
′
nz
)
e−aρ
2/2Lnρ(aρ
2),
(D17)
where nz, nρ = 0, 1, 2, ...,∞, and m was put equal to zero
beause only the modes with m = 0 ouple to the homo-
geneous rf eld. Furthermore, for simpliity we onsider
modes with nρ = 0 for whih Lnρ = 1.
In order to alulate the normalization oeient cnz00
c−2nz00 = 2pi
∫ ∞
0
e−aρ
2
∫ R− ρ2
2R
−R+ ρ
2
2R
Ai2
(R− ρ2
2R
−z
ξ
)
dz ρdρ
we make the substitution x = (R− ρ2/2R− z)/ξ
c−2nz00 = 2piξ
∞∫
0
e−aρ
2
2
R−
ρ2
2R
ξ
→∞∫
0
Ai2
(
x+ α′nz
)
dx ρdρ
=
piξ
a
∫ ∞
0
Ai2
(
x+ α′nz
)
dx, (D18)
Here the upper limit of integration over x may be esti-
mated as ∼ (R/ξ− 1/aRξ) = (R/ξ−
√
2ξ/R)≫ 1, after
whih the integral over x deouples from that over ρ in
the approximation ξ/R≪ 1.
In the ase of a sphere n̂zz [1] = n
(z) = 13 and as was
already mentioned there is no ontribution to the spe-
trum distortion from the stati dipolar eld. One needs
only to alulate the seond integral in (54).
Again, the δ−funtional term in (C4) using [22℄∫ ∞
0
kJν(kρ)Jν(kρ
′)dk =
1
ρ
δ(ρ− ρ′)
an be easily seen to give a onstant 1 as it should. In the
limit ξ/R→ 0 a sphere transforms into a half-spae, the
modes being loalized near the boundary. A half-spae
is a partiular ase of a slab, with the height L → ∞.
Hene the solutions in a sphere in the limit ξ/R → 0
transform into solutions for a thik slab depending on
only z. The demagnetizing tensor for suh solutions re-
dues to a onstant (52).
The seond term in (C4) gives
∫
V
ψnz(z)n̂zz [ψnz(z)] d
3r = −pic2nzξ2
∞∫
0
k2
∞∫
0
e−aρ
2/2J0(kρ)
×
∞∫
0
e−aρ
′2/2J0(kρ
′)
∞∫
0
Ai(x+ α′nz)
∞∫
0
Ai(x′ + α′nz)
× e−kξ
∣∣∣x−x′+ ρ2−ρ′22Rξ ∣∣∣
dx′ dx ρ′dρ′ ρdρ dk. (D19)
The two terms under the module sign appeared from |z−
z′|. We an estimate x − x′ ∼ 1 and (ρ2 − ρ′2)/2Rξ ∼
1/2Rξa =
√
ξ/2R, therefore |z−z′| ≈ ξ|x−x′|. Then the
integrals over ρ and ρ′ an be taken [25, formula 6.631℄∫ ∞
0
e−aρ
2/2J0(kρ)ρdρ =
1
a
e−k
2/2a. (D20)
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The integral over k∫ ∞
0
e−k
2/ae−kpk2dk, (D21)
where p = ξ|x−x′|, is a funtion of p√a ∼ 4
√
ξ/R. There-
fore, we an substitute (D21) with the zeroth term of its
expansion in series with respet to p
√
a, whih is 14
√
pia3.
Then ∫
V
ψnz (z)n̂zz [ψnz(z)] d
3r = 1− Φnz
2
√
piaξ
= 1− Φnz
√
pi
2
4
√
ξ
2R
, (D22)
where Φnz are the same numbers as in the ase of a ylin-
der.
In the end we obtain (60) for the orretions to the
modes.
APPENDIX E: MATRIX ELEMENTS OF THE
DEMAGNETIZING OPERATOR
In this Appendix we are going into the detail of al-
ulation of the matrix elements of the dipolar integro-
dierential operator n̂zz. We show that only those el-
ements 〈nlm|n̂zz|n′l′m′〉 are non-zero that are between
the states with m = m′ and l′ = l, l± 2.
Before proeeding we remark on notations. We will
write the integral operator in (14) as
Gˆ∞M(r) =
∫
M(r′)
|r− r′|d
3r′, (E1)
justiation being that Gˆ∞ is the Green operator for
Laplae equation with the boundary ondition of van-
ishing at innity.
So our plan for this setion is, rst, to alulate
Gˆ∞|nlm〉. Then, seondly, we alulate the result of at-
ing of ∂2z on an arbitrary funtion f(r) expanded in spher-
ial harmonis
f(r) =
∑
lm
flm(r)Y
m
l (rˆ) (E2)
By substituting Gˆ∞|nlm〉 for f we eventually nd the
matrix elements themselves.
1. Calulation of Gˆ∞|nlm〉
We nd Gˆ∞|nlm〉 diretly by integration, using a well-
known formula from the theory of spherial harmonis
1
|r− r′| =
∑
lm
4pi
2l + 1
Y ml (rˆ)Y
m∗
l (rˆ
′)
rl<
rl+1>
,
where r< (r>) is the smaller (larger) of r and r
′
. Then
Gˆ∞|nlm〉 = 4pi
2l + 1
cnlY
m
l (rˆ) (E3)
×
(∫ r
0
r′l
rl+1
+
∫ R
r
rl
r′l+1
)
jl(knlr
′)r′2dr′.
The integrals at the right-hand side an be taken easily
as follows. We notie that [26℄
x−ljl+1(x) = −∂x
[
x−ljl(x)
]
, (E4)
xl+1jl−1(x) = ∂x
[
xl+1jl(x)
]
. (E5)
Taking integrals from the two sides we obtain
∫ x
0
( y
x
)l+1
jl−1(y)dy = jl(x), (E6)∫ a
x
(
x
y
)l
jl+1(y)dy = jl(x)−
(x
a
)l
jl(a). (E7)
On plugging the above into (E3) and using another
property of the spherial Bessel funtions
jl+1 (x) + jl−1 (x) =
2l+ 1
x
jl(x) (E8)
we get a sum of two terms
Gˆ∞|nlm〉 = 4piR
2
(knlR)2
|nlm〉 (E9)
− 4piR
2
2l + 1
cnl
knlR
Y ml (rˆ)
( r
R
)l
jl−1(knlR).
This expression is inappliable when knlR = 0, whih
takes plae for n = l = 0. In this partiular ase, inte-
grating expliitly, we get
Gˆ∞|000〉 = 4pic00Y 00 (rˆ)j0(0)
(
R2
2
− r
2
6
)
.
2. Calulation of ∂2zf(r)
Making use of the overt expressions of the basis vetors
in the spherial oordinates
r̂ = x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ,
θ̂ = x̂ cos θ cosϕ+ ŷ cos θ sinϕ− ẑ sin θ, (E10)
ϕ̂ = −x̂ sinϕ+ ŷ cosϕ,
and of the nabla operator
∂ = r̂∂r + θ̂
1
r
∂θ + ϕ̂
1
r sin θ
∂ϕ, (E11)
it an be veried that
∂z = cos θ∂r +
1
2r
sin θ
(
eiϕ lˆ− − e−iϕ lˆ+
)
. (E12)
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Here lˆ = −ir× ∂ is the angular momentum operator
lˆz = −i∂ϕ, lˆ± = e±iϕ(±∂θ + i cot θ∂ϕ), (E13)
whih has the well known eet on the spherial harmon-
is
lˆzY
m
l = mY
m
l , (E14)
lˆ+Y
m
l =
√
(l −m)(l +m+ 1)Y m+1l , (E15)
lˆ−Y
m
l =
√
(l +m)(l −m+ 1)Y m−1l . (E16)
The produt of eah spherial harmoni with sin θeiϕ ∝
Y 11 , cos θ ∝ Y 01 , or sin θe−iϕ ∝ Y −11 , is a sum [27℄
sin θe−iϕY ml = a
m
l Y
m−1
l+1 − bml Y m−1l−1 , (E17)
sin θeiϕY ml = −a−ml Y m+1l+1 + b−ml Y m+1l−1 , (E18)
cos θY ml = c
m
l+1Y
m
l+1 + c
m
l Y
m
l−1 (E19)
of the harmonis with the adjaent l and m multiplied
eah by a oeient (whih, in fat, are partiular ases
of the Clebsh-Gordan oeients)
aml =
√
l−m+1
2l+1
l−m+2
2l+3 ,
bml =
√
l+m
2l+1
l+m−1
2l−1 , (E20)
cml =
√
l+m
2l+1
l−m
2l−1 .
Hene from (E12)
∂zf =
∑
lm
(
−cml+1Y ml+1Lˆ+l + cml Y ml−1Lˆ−l
)
flm(r). (E21)
Here the oeients turn out to be the same as in (E19),
and we introdued two dierentiating operators
Lˆ+l = −∂r + l/r,
Lˆ−l = ∂r + (l + 1)/r. (E22)
We may rewrite (E21) by shifting the summation in-
dies as
∂zf(r) =
∑
lm
(∂zf)lm(r)Y
m
l (rˆ),
where
(∂zf)lm = −cml Lˆ+l−1fl−1,m + cml+1Lˆ−l+1fl+1,m. (E23)
Then repeating the proedure, we get
∂2zf(r) =
∑
lm
(∂2zf)lm(r)Y
m
l (rˆ),
with (
∂2zf
)
lm
= cml c
m
l−1Lˆ+l−1Lˆ+l−2fl−2,m (E24)
+
[
(cml )
2
+
(
cml+1
)2] (
∂2
)
l
flm
+ cml+1c
m
l+2Lˆ−l+1Lˆ−l+2fl+2,m.
TABLE III: Operators Lˆ+l , Lˆ
−
l .
f(r) rl 1/rl+1 jl(r) jl(const r)
Lˆ+
l
f 0 (2l + 1)f/r jl+1(r) constjl+1(constr)
Lˆ−l f (2l + 1)f/r 0 jl−1(r) constjl−1(constr)
Here we used that Lˆ+l−1Lˆ−l = Lˆ−l+1Lˆ+l = −
(
∂2
)
l
, where(
∂2
)
l
is the l-th omponent of the Laplae operator(
∂2
)
l
= ∂2r + 2
∂r
r
− l(l+ 1)
r2
. (E25)
Changing the summation indies in eah term again
we arrive at
∂2zf =
∑
lm
(
cml+1c
m
l+2Y
m
l+2(rˆ)Lˆ+l+1Lˆ+l (E26)
+
[
(cml )
2
+
(
cml+1
)2]
Y ml (rˆ)
(
∂2
)
l
+ cml−1c
m
l Y
m
l−2(rˆ)Lˆ−l−1Lˆ−l
)
flm
3. Matrix elements
Substituting Gˆ∞|nlm〉 from (E9) into (E26) and using
the properties of Lˆ+l , Lˆ−l summarized in Table III, we
nd
1
4pi
∂2z Gˆ∞|nlm〉 = cml+1cml+2cnljl+2(knlr)Y ml+2(rˆ)
−
[
(cml )
2
+
(
cml+1
)2] |nlm〉 (E27)
+ cml−1c
m
l cnlY
m
l−2(rˆ)
(
jl−2(knlr)
− (2l − 1)jl−1(knlR)
knlR
( r
R
)l−2)
.
It is not hard to verify by straightforward dierentiating
that this expression holds also for n = l = m = 0.
The matrix elements 〈n′l′m′|∂2z Gˆ∞|nlm〉 are to be ob-
tained from this expression by integrating with the om-
plex onjugate of (79) over the spherial volume of our
sample. In doing so we see that only the elements with
m′ = m, l′ = l, l±2 are non-zero as we already mentioned
in the text
〈nlm| 14pi ∂2z Gˆ∞|n′, l′ = l − 2,m〉
= (cml−1c
m
l )
∫ R
0
cc′jl(kr)jl(k
′r)r2dr;
〈nlm| 14pi ∂2z Gˆ∞|n′lm〉 = −
[
(cml )
2 +
(
cml+1
)2]
δnn′ ;
〈nlm| 14pi ∂2z Gˆ∞|n′, l′ = l + 2,m〉 (E28)
= (cml′−1c
m
l′ )cc
′
(∫ R
0
jl(kr)jl(k
′r)r2dr
−(2l+ 3)R3 jl+1(kR)
kR
jl+1(k
′R)
k′R
)
,
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where we introdued shorthand notations k = knl, k
′ =
kn′l′ , c = cnl, c
′ = cn′l′ .
In the last term we used∫ R
0
jl(kr)r
l+2dr/Rl = R3jl+1(kR)/kR (E29)
with k = knl. There is one exeption, though, when
l = n = 0  then knl = k00 = 0 and the division in
the right-hand side of (E29) is undened. Integrating
straightforwardly, we get instead R3j0(0)/3.
At the end, we take integrals in the o-diagonal el-
ements of (E28) using the formulas below [25, formula
5.54℄
∫
jl( ax)jl(bx)x
2dx (E30)
= x2
bjl−1(bx)jl(ax)− ajl−1(ax)jl(bx)
a2 − b2
≡ x2−bjl+1(bx)jl(ax) + ajl+1(ax)jl(bx)
a2 − b2
≡ x2 bjl+1(bx)jl+2(ax)− ajl+1(ax)jl+2(bx)
a2 − b2
+(2l+ 3)x3
jl+1(ax)
ax
jl+1(bx)
bx
.
Here a 6= b and we onseutively applied reurrent rela-
tion (E8) rst to jl−1 and then to jl.
Plugging the integration limits we see that above-
diagonal (l′ = l+2) elements equal orresponding below-
diagonal (l′ = l − 2) with the appropriate hange l′ ↔ l.
(For n = l = 0 this is to be veried manually.)
Finally, we get formula (84) in the text for the dipolar
part of the Hamiltonian.
The ase a = b in (E30) is used in the alulation of
the normalization oeients cnl (80)∫
j2l (ax)x
2dx =
x3
2
(
j2l (ax)− jl−1(ax)jl+1(ax)
)
.
We get
cnl =
(
R3
2
[
j2l (knlR)− jl−1(knlR)jl+1(knlR)
])−1/2
,
=
(R3
2
[
j2l (knlR) + j
2
l+1(knlR)
− 2l+ 1
knlR
jl(knlR)jl+1(knlR)
])−1/2
,
when n + l ≥ 1. For n = l = 0 we have k00 = 0 and
jl−1 grows unlimitedly when its argument tends to zero.
Then we integrate diretly c00 =
(
R3j20/3
)−1/2
.
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